The role of intra-chain interactions, which renormalize inter-chain hopping, has been examined for two coupled chains with umklapp scattering by use of the renormalization group method. It is clarified that the confinement-deconfinement transition occurs when the charge gap becomes larger than the renormalized inter-chain hopping.
In a quasi-one-dimensional electron system that consists of an array of chains, the role of inter-chain hopping has been studied extensively to understand dimensional crossover. With decreasing temperature, the state dominated by one-dimensional fluctuations moves into the state with a three-dimensional band. Such a crossover temperature is smaller than the inter-chain hopping energy due to renormalization by intra-chain interaction, 1) as has been examined for the critical temperature of spin density waves in the phase diagram of the organic conductor Bechgaard salt. 2) In addition to inter-chain hopping, it has been pointed out that umklapp scattering caused by dimerization is important for electronic states of these materials. 3) There is a crossover from commensurate spin density waves to incommensurate waves under pressures or several choices of anions. 4) Further, a noticeable fact for electronic states above the critical temperature has been reported in optical experiments. 5), 6) The optical conductivity exhibits a correlation gap for both (TMTTF) 2 X, (X = PF 6 , Br) salt and (TMTSF) 2 X, (X = PF 6 , ClO 4 ) salt, while a weight corresponding to the zero-frequency mode exists only in (TMTSF) 2 X. The reflectivity in the transverse direction exhibits (does not exhibit) the plasma edge for the former (latter) salts. These facts indicate that the former (latter) material is metallic (insulating) and the transverse hopping is relevant or deconfined (irrelevant or confined). The electronic state, which is determined by the interplay of umklapp scattering and inter-chain hopping, has been studied theoretically in terms of the charge gap for these conductors 7) -9) and the effect of renormalization on inter-chain hopping has been estimated. 10) The transition from deconfinement to confinement has been demonstrated for two coupled chains with a half-filled band, 11) where the confinement represents an irrelevance of inter-chain hopping instead of incoherence. 12) Although the ratio of the gap to the inter-chain hopping for the transition seems to explain the experimental result, it is not yet clear theoretically if the renormalization of inter-chain hopping gives rise to the competition with umklapp scattering. The present paper deals with such an effect of renormalization in two coupled chains with an intra-chain interaction of both forward scattering and backward scattering.
We examine a model of two chains with a linearized kinetic energy v F (|k| − k F ). These chains are coupled by an inter-chain hopping with an energy t. Coupling constants of intra-chain interactions for backward and forward scattering are given by g 1 and g 2 , respectively, and that for the umklapp scattering is expressed as g 3 . By applying the bosonization method to electrons around the split Fermi momentum k F ∓ t/v F , we obtain four kinds of Bose fields, θ ρ+ and θ σ+ (θ C+ and θ S+ ), which are the phase variables for the total (transverse) fluctuations of charge density and spin density. In terms of these fields with the relation [θ ν+ (x), θ ν − (x )] = iπδ ν,ν sgn(x − x ) (ν, ν = ρ, σ, C and S), our Hamiltonian is given by 11)
where
The short-length cutoff, α 0 , is of the order of the lattice constant. The behavior in the limit of small energy, ω(= W e −l ), is evaluated by applying a renormalization group method in the lowest order of perturbation, where
0 ) denotes the band width. The scaling method given by α 0 → α 0 e l leads to equations for g ν , g b , g 3 and t as functions of l. 13) -15), 11) The fluctuation of the total charge is described by K ρ (l), from which the charge gap is estimated. The confinement of inter-chain hopping is calculated from the l-dependence oft(l)(≡ t(l)/W ), the equation for which is given by
F and J n is the n-th Bessel function. 16) In the absence of interaction, Eq. (2) describes a steep increase oft(l) given by (t/W ) e l . The quantityt(l) is reduced by the second term on the r.h.s. of Eq. (2) which consists of two kinds of effects. The first three terms, G 2 C+,S+ (l), G 2 C+,S− (l) and G 2 σ+,C+ (l), renormalize inter-chain hopping, while the term G 2 ρ+,C+ (l) leads to a competition between umklapp scattering, g 3 , and inter-chain hopping, t. For small g 3 , we find a relevantt(l), since the increase of G ρ+,C+ (l) is small and the steep increase oft(l) leads to a rapid oscillation of J 1 . There is a critical value for g 3 and/or t for an irrelevantt(l), which behaves as follows. For g 3 larger than (or t smaller than) the critical value, the increase of G ρ+,C+ (l) is large compared with that oft(l), and then the G ρ+,C+ (l)-term becomes of the same order as thet(l)-term on the r.h.s. of Eq. (2) with increasing l. When l increases further,t(l) assumes a maximum value and decreases to zero, leading to confinement. In Fig. 1 , the l-dependence oft(l) in the caseg 2 = 0.2 andg 1 = 0 is shown with some choices of t/W for the deconfinement (curve (1)), the confinement (curve (3)), and the critical point (curve (2)). The dashed curve denotes K ρ (l) corresponding to curve (2) , where the closed circle represents the location of the charge gap
The t-dependence of ∆ is small, e.g., l ∆ = 2.81, 2.73 and 2.60 for curves (1), (2) and (3), respectively. In the inset, the phase diagram for the confinement (I) and deconfinement (II) is shown by the solid curve, where the ratio ∆/t on the boundary is from 0.7 to 0.9 in the visible scale. Hereafter, we denote t as the quantity corresponding to the boundary. Although the ratio of ∆/t in the inset of Fig. 1 is nearly constant in the visible scale, the curve is slightly convex downward for small t/W . This indicates the fact that the confinementdeconfinement transition is determined by the competition between the charge gap and the renormalized inter-chain hopping. Therefore, we examine numerically if the boundary with small t can be expressed as
Here, C 1 and z = f (z = b) is the suffix for the case ofg 1 = 0 andg 2 = 0 (g 1 =g 2 =g = 0). From the numerical calculation of ∆ in terms of K ρ , it is found that theg 3 -dependence of ∆ with smallg 3 is given 2), the renormalized inter-chain hopping, t eff , is estimated as 14) 
where l eff is defined byt(l eff ) ≡ 1. The exponent F 0 is evaluated numerically. We note that F 0 becomes equal to the analytical value in the limit of small t, i.e.,
In order to examine F z of Eq. (3) we estimate ∆/t as a function of t/W on the logarithmic scale, i.e.,
In Fig. 2(a) , we show the result forg 2 = 0 andg 1 = 0, where the curve forg 2 = 0.2 corresponds to the solid curve in the inset of Fig. 1 . The behavior with small t/W is described well by Eq. (5). Since F f (0) = 0, there is a small effect of umklapp scattering, which gives rise to a renormalization for inter-chain hopping. We estimate F f (g 2 ) from the dotted line which is obtained by fitting the curve in the interval region of 10 −6 < t/W < 10 −5 . In Fig. 2(b 
is shown as a function ofg 2 by the solid curve, where F f (0) 10 −3 . The dotted curve, which denotes F 0 in Eq. (4), is in good agreement with the solid curve, and then one finds the validity of the relation ∆ t eff for small t. The dashed curve denotesg 2 ρ /4 (=g 2 2 ), which is the first term of the expansion of the analytical formula, F . This expansion agrees well with the numerical result forg 2 < ∼ 0.2. Letters 767
The other case ofg 1 =g 2 =g is depicted in Fig. 3(a) , where there is a renormalization of g 1 even in a single chain. The behavior with small t/W < ∼ 10 −3 reproduces Eq. (5) quite well, corresponding to the dotted curve, although such behavior is attained rather slowly compared with Fig. 2(a) due to the renormalization process of g 1 . For comparison, the l-dependence of g 1 (l) for the one-dimensional case (i.e., t = 0) is indicated by the dash-dotted curve, 17) where l = −ln(t/W ). Note that G σ+,C+ corresponding to g 1 of two coupled chains reduces to a fixed point more rapidly, where the behavior is similar to that represented by the solid curve with g = 0.2. Thus, for a model withg 1 =g 2 , there is a noticeable range of t/W , below which the effective inter-chain hopping is described by the renormalized intra-chain interaction with the one-dimensional fixed point. The corresponding phase diagram is indicated by the dashed curve in Fig. 1 . The quantity F b (g) is calculated from a fitting in the region 10 −6 < t/W < 10 −5 , which is represented by the dotted line. In Fig. 3(b) , the quantity F b (g) − F b (0) corresponds to the solid curve, where
10 −3 . The dotted curve represents F 0 , which is calculated from Eq. (4). The good agreement between these two curves indicates also the validity of the relation ∆ t eff forg 1 =g 2 . The dashed curve denotesg 2 /4, which is obtained by substituting the fixed point valueg ρ →g,g σ → 0,g b → 0 for F and by expanding F to lowest order. It turns out that the analytical treatment works well also for backward scattering withg < ∼ 0.2. In Fig. 4 , we show a typical result in which the confinement-deconfinement transition occurs through competition between the charge gap and effective inter-chain hopping. Forg 2 =g 1 = 0, which is indicated by the dotted curve, one finds that t ∝ ∆ in the absence of the intra-chain interaction. The plot of t vs ∆ forg 2 = 0.4 is given by the dashed curve, showing a noticeable deviation from the relation t ∝ ∆. When renormalization by the intra-chain interaction is taken into account, the dashed curve is replaced by the solid curve, which leads to t eff ∝ ∆. In the inset, the degree of renormalization is shown. The closed (open) circle denotes the location fort(l) = 1 withg 2 = 0.4 (0). The quantity l eff is obtained from the horizontal axis of the closed circle and is larger than that of the open circle without the intra-chain interaction. The horizontal distance between these two circles is ln(t/t eff ).
In summary, we have examined the
